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Ionizing argon boundary layers. Part 1.
Quasi-steady flat-plate laminar boundary-layer flows
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Details are given of an implicit six-point finite-difference scheme for solving two-
temperature, laminar, boundary-layer flows not in chemical equilibrium in ionizing
argon. The analysis extends previous work by considering the radiation-energy loss
and the chemical reactions due to atom—atom and electron-atom collisions in the
ionizing boundary-layer and free-stream flow. Also included are variationsin transport
properties based on known elastic-scattering cross-sections, effects of chemical
reactions, radiation-energy loss and the electric-sheath wall boundary conditions. The
results are compared with dual-wavelength interferometric boundary-layer data
obtained by using a Mach—Zehnder interferometer 23 ¢m in diameter with the UTTAS
10 x 18 cm Hypervelocity Shock Tube for shocks of initial Mach numbers M, ~ 13 and
16 moving into argon at a pressure p, ~ 5 torr and temperature 7, ~ 297 °K. Con-
sidering the difficulties involved in solving such complex plasma flows, satisfactory
agreement was obtained between analytic and experimental total-density profiles and
electron-number-density profiles for the case M, ~ 16 and good agreement for M, ~ 13.

1. Introduction

An understanding of boundary-layer flows in partially ionized gases is helpful in
designing successful spacecraft for re-entry into the earth’s atmosphere at hypersonic
conditions. It also provides insight into interactions between solid surfaces and plasma
flows. Despite years of research, boundary-layer flows of partially ionized gases are not
fully understood experimentally or theoretically. The character of an ionizing
boundary layer was described schematically by Knéoas (1968). The following charae-
teristics are important in considering partially ionized boundary-layer flows: transport
properties, interactions between the plasma and the metal (or other) surface, atomic-
collision processes, chemical reactions, radiation-energy transfer and electromagnetic
fields. The full boundary-layer problem is exceedingly complex, and only a few simpli-
fied cases have been treated by the early investigators. Usually, some approximations
were made to suit a given problem as well as to reduce the computation costs.

In general, an ionizing gas (plasma) is composed of molecules, atoms, molecular ions,
atomic ions and electrons. However, since the molecular dissociation energy is much
less than the atomic ionization energy, ionization can be considered to become appreci-
able only after dissociation is practically complete. Therefore the mixture is assumed
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to be composed only of atoms, atomie ions and electrons. The presence of electrons in
a gas introduces some features quite different from those encountered in chemical
dissociation. For example, the collisional energy-transfer processes between electrons
and heavy particles are relatively slow, giving rise to a possible situation where the
electrons may have a temperature very different from that of the heavy particles. The
extremely low mass of the electrons yields a species whose thermal conductivity can be
greater than that of the other species. When such a gas isin contact with a cold surface,
a space-charge sheath is formed which may affect the energy transfer to the surface.
The electrons may have a higher temperature than the heavy particles near the cool
surface.

A mixture of atoms, ions and electrons is uniquely described by three independent
state parameters: pressure, temperature and degree of ionization. In general, an
ionizing gas is in a state of thermal and chemical non-equilibrium. If thermal equi-
librium is assumed (which usually cannot be expected to occur in a boundary-layer
flow) the temperatures of heavy particles and electrons are equal. If chemical equi-
librium is assumed then the degree of ionization can be given as a function of the local
pressure and temperature via the Saha equation. If a frozen state is assumed the
electron-number-density production rate becomes equal to zero. The above assump-
tions, which greatly simplify the solution of ionizing boundary-layer flows, were
applied by some early investigators.

Many researchers have treated weakly ionized, collision-dominated, boundary-layer
flows. Their main aim was to study the effects produced on the electrical characteristics
of Langmuir probes. Examples are the incompressible flow of a weakly ionized gas
treated by Su & Lam (1963) and the Couette flow problem studied by Chung (1963).
These studies aimed at low temperature, velocity and electron number density regions.
Under the assumption of thermal and chemical equilibrium, Fay & Kemp (1965) have
studied the heat transfer to a shock-tube end wall for an ionizing monatomic gas and
Knoos (1968) has generalized this problem to a simple thermal Rayleigh boundary
layer in an equilibrium fow. Back (1967) studied the heat transfer through a one-
temperature laminar boundary layer from a partially ionized gas to a highly cooled
wall for frozen and equilibrium-flow models based on a local-similarity approach.
A finite-difference method was applied by Blottner (1964) to a one-temperature, non-
equilibrium, laminar boundary layer in ionized air. Park (1964) analysed the frozen
and equilibrium flow over a flat plate and at an axisymmetric stagnation point under
similar and one-temperature assumptions and compared the results with experimental
heat-transfer data. Finson & Kemp (1965) extended the theory of Fay & Kemp (1965)
to stagnation-point heat transfer. For a two-temperature boundary-layer structure
Camac & Kemp (1963) used a local similarity approach to study the energy transfer
for a frozen flow. Sherman & Reshotko (1969) obtained the electron temperature
profiles for flow in chemical equilibrium on the basis of a similar solution. Nishida &
Matsuoka (1971) solved the similarity equations for a frozen flow with constant trans-
port properties. Flat-plate boundary layers in partially ionized gases with thermal
non-equilibrium and recombination for electron—ion—electron collisions were analysed
by Tseng & Talbot (1971) on the basis of a similar solution and constant transport
properties. Recently, Takano & Akamatsu (1975) used a finite-difference method to
solve the shock-tube side-wall boundary-layer flow with constant transport properties.
Honma & Komuro (1976) studied a frozen boundary-layer flow behind a moving shock
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wave with variable transport properties across the boundary layer. The thermal,
Rayleigh boundary-layer flow for partially ionized argon with variable transport
properties was studied numerically by Mansfeld (1976) for thermal and chemical non-
equilibrium and the results compared with experimental data obtained by Kuiper
(1968).

These studies were usually concerned with boundary layers generated in lower
temperature flows in which the heavy-particle and electron number densities were also
small. As a result, the radiation-energy loss in the plasma and the ionization and
recombination processes due to atom-atom collisions were neglected entirely in both
the free-stream and the boundary-layer flow. Omitting the radiation-energy loss will
cause serious errors when the electron number density and temperature are high.
Therefore, for a boundary-layer flow generated, for example, in a shock tube by
stronger shock waves (M, > 13), the radiation-energy loss should be taken into account
for a realistic analysis. As will be seen, the radiation loss in the shock-tube case will
introduce unsteadiness into the flow induced over a stationary flat plate. This un-
steadiness becomes more pronounced for higher shock Mach numbers, when the
radiation loss is significant.

The importance of the inelastic atom—atom collisions with regard to ionization and
recombination in the plasma will vary. When the atom and electron temperatures are
not too different, the electron—-atom collisions will dominate and the effect of atom—
atom collisions is small. However, it is well known for the structure of ionizing shock
waves (Glass & Liu 1978) that, when the atom temperature is considerably higher
than the electron temperature, the atom-atom ionization process will be important.
In a boundary-layer flow, the opposite casein which the atom temperature is much
lower than the electron temperature can be approached. The possibility arises
that atom-ion-electron recombination could become significant and should be
considered.

The following difficulties arise in the analysis: (i) evaluation of the reaction-rate
coefficients near the wall; (ii) the boundary conditions for the degree of ionization and
electron temperature at the wall.

First, near the wall the temperature of the heavy particles is in equilibrium with the
wall temperature and is usually very small compared with that at the edge of the
boundary layer. Near the wall the electron number density is also very low. In this
domain of low temperature and low electron number density, ionization hardly occurs.
However, here the reverse chemical reaction-rate coefficients for atom—ion—electron
and electron—ion—electron three-body recombinations are extremely large and difficult
to evaluate.

Second, the boundary conditions for the degree of ionization and the electron
temperature at the wall are usually determined from the collision-free-sheath theory.
However, some authors, for example Mansfeld (1976), found that owing to the assump-
tions and incomplete description of the electric sheath a comparison of theoretical and
experimental results would be of questionable value near the wall. Careful experiments
to determine the electron number density near the wall must be done in order to check
the validity of the electric-sheath theory.

The difficulty in using the finite-difference method for an ionizing non-equilibrium
boundary layer lies in the stability of the scheme and in the significant computation
costs. The stability criterion is difficult to evaluate for the set of strongly coupled
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parabolic nonlinear partial differential equations with their boundary conditions of
a mixed Neumann and Dirichlet type. In order to avoid the difficulty of stability,
Mansfeld (1976) applied a backward implicit method in the time-dependent one-
dimensional Rayleigh problem. However his program verges on requiring the
maximum acceptable computation time.

Measurements in non-equilibrium flat-plate boundary-layer flows of ionizing argon
have been reported by Tseng & Talbot (1971), Brown & Mitchner (1971) and Bredfeldt
et al. (1967) for the regions of low temperature ( < 10000 °K) and low electron number
density (r, < 105 c¢m—3). In this domain of low temperature and low electron number
density, the radiation-energy loss is very small and can be neglected in both the
inviscid and the viscous flow region. The edge conditions for the boundary layer were
calculated from the non-radiant model. However, for the case of boundary-layer flows
generated by strong moving shock waves (3, > 13), the non-radiant equilibrium
model cannot be applied to the inviscid region, where the radiative process is
important. The radiation-energy loss was neglected in the previous comparisons with
experiments.

The present paper studies analytically and experimentally flat-plate boundary-
layer flows in partially ionized argon. Details are given of an implicit six-point finite-
difference scheme for solving two-temperature, steady, laminar, boundary-layer flows
not in chemical equilibrium in ionizing argon. The analysis includes radiation-energy
losses and chemical reactions due to atom-atom and atom-—electron collisions in the
plasma of the inviscid and viscous flows. Variations across the boundary layer of
transport properties based on known elastic-scattering cross-sections for an argon
plasma are considered. The electric-sheath theory for the wall boundary conditions
and the compatibility conditions for the edge of boundary layer are included in the
analysis. The effects of chemical reactions, radiation-energy loss and electric-sheath
theory on the boundary-layer structure are discussed. The quasi-steady flat-plate
boundary-layer flows are analysed and compared with interferometric data (Whitten
1977) obtained using the UTTAS 10 x 18 cm Hypervelocity Shock Tube at shock Mach
numbers M, ~ 13 and 16 with an initial argon pressure p, ~ 5 torr. The finite-difference
non-equilibrium and frozen solutions are also compared with a similarity solution for
equilibrium flow.

2. Theoretical analysis
Bastc equations of motion and thermal properties of an argon plasma

The following basic assumptions are made.

(i) In a mixture of atoms, ions and electrons, each species has a near-Maxwellian
velocity distribution with an appropriate temperature. This condition for the electrons
and ions implies a Larmor radius much greater than the mean free path or that the
elastic collision frequency is very large.

(ii) The gas is singly ionized and the electron number density is equal to the ion
number density, or the plasma is quasi-neutral. Therefore the effects of electric and
magnetic fields on the boundary-layer structure are neglected. The essential require-
ment for quasi-neutrality is that the Debye length is much smaller than the boundary-
layer thickness. The ambipolar character of the diffusion process results from this
assumption provided that no electric currents cross the boundary.
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(iii) The atom and ion temperatures are equal, or atoms and ions have the same
velocity. This assumption can be justified since the mass of the ions is almost equal to
that of the atoms, and therefore only a few collisions between atoms and ions are
necessary to reach a common temperature.

A partially ionized monatomic gas or plasma which consists of a mixture of atoms,
ions and electrons is considered. For each species the macroscopic balance equations
can be expressed by using the plasma macroscopic properties (Appleton & Bray 1964).
Following the above assumptions, the basic equations of motion for a steady boundary-
layer flow of an ionizing gas are given by

0 0
(,)—x(pu) +@ (pv) = 0 (mass of plasma), (1)
ou ou dp 0 [ ou
= -, t
pU +pv 3 dx+ 7 (,u ay) (momentum of plasma), (2)
oH ol 0 0
P TP = Ty (9.+9a)+ % (ﬂ 33/) @r (energy of plasma), (3)
oo oo ] ; 5
pU 5o+ pY - oy (p;V;)+m,n, (electron production rate), (4)
4 _ 9P e
pu%(aO’pT)+pv y(aO’ T) = u +@w+V)= 2y

0
- a_y (qce + qde) + Qel + Qinei (eleCt’ron energy) M (5)

Here « and » are the mean mass velocities of plasma in the x and y directions, x being
along the plate surface and y normal to it, p is the plasma density, p the plasma
pressure, 4 the plasma viscosity coefficient, H the total enthalpy of the plasma, g, the
plasma heat-conduction flux, ¢, the plasma diffusive-energy flux, @ the plasma
radiation-energy loss per unit volume, a the degree of ionization, V; the ion diffusive
velocity relative to v, m, the mass of an atom, #, the electron-number-density produc-
tion rate, ¢, the rate at which thermal energy is given to free electrons by elastic
collisions, €,,., the inelastic energy-transfer rate, p, the electron pressure, 7' the
temperature, and subscripts e and ¢ denote electron and ion encounters, respectively.
The following relations apply:

p = malng+mn,), )
p=m,+n) kT, +nkpT, C,=3R (defined as a constant

for convenience),
H =C/(T,+aT,)+ RT;a + }u?,

& = ne/ 7y +n') R= k’B/mw (6)
q. = (/\ +/\ /ay /\ aT/ay’ qce:_/\eayye/ay,
qq = p’L‘Vi(RTI+OpTe), die = OpTeIOZV

12

a(l—a) 8 T) ~
pL i pDal:ay 1+d7;/Ta—a§(—7_11 > pe_nekBT::,

where the subscript @ denotes atom encounters, 7} is the ionization temperature, n the
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number density, R the gas constant, A the thermal conductivity, D, the ambipolar
diffusion coefficient and %y the Boltzmann constant.

The rate @ of radiant-energy loss per unit volume of a plasma consists of the rates
of energy loss through continuum radiation and line radiation. In order to simplify the
calculation, these two rates are assumed to be equal for the argon plasma; this assump-
tion has been discussed by Glass & Liu (1978). Under the assumption of local-
temperature equilibrium, @ is given by

12873e8

Ur = 3x6%m c"kk’} T’}

(kV +kpT,)7Zesn, (7)
where e is the electron charge, & is Planck’s constant, ¢ is the speed of light, v, is the
cut-off frequency, g is the Gaunt factor and Z; is the effective nuclear charge.

The shock Mach numbers considered here are not extremely high; consequently
precursor radiation is neglected. The plasma is essentially optically thin, therefore
reabsorption of radiation-energy loss is also neglected.

It has been shown (Petschek & Byron 1957) that excitation to the first state is rate
controlling for the overall ionization process. Consequently, the following reactions
are considered for the collisional ionization processes:

Ar+Ar Art+Ar+e,

ra

ke
Ar+eTAr++e+e

where k; and k, are forward and reverse rate coefficients. From the two-temperature
two-step model of Hoffert & Lien (1967), the electron-number-density production
rate %, can be written as

g = (Tig)g + (g)es (8a)
where (Tho)q = ko —kpgngml,  (%,), = kpm n,—k, nd. (85)

The elastic energy-transfer rate ¢,;is the sum of the rates of thermal energy given to
the free electrons by electron—atom and electron-ion elastic collisions:

Qel = 3ne(me/mu) (Vea + Vei) kB(Tu - Te)’ (9)

where v,, and v,; are elastic collision frequencies due to electron-atom and electron—ion
encounters, respectively.

The inelastic energy-transfer rate @, is the sum of the rates of thermal energy
given to the free electrons by electron-atom and electron-ion-electron inelastic
collisions and by bremsstrahlung. The latter is neglected in the boundary-layer flow
since it is small compared with the former. For a two-step model,

Qinel= - kBTI(ﬁe)e? (10)
where the term for the creation energy of electrons due to atom-atom ionization
collisions is very small and can be neglected.

In order to simplify the present analysis, two approximations are made for the
boundary-layer flows: (i) that 7}, ~ 7}, in the calculation of D, in p,V; % — pD, 0o [0y and
(ii) that v.Vp, ~ 0. Approximation (i) has been widely accepted by many authors in
the analysis of two-temperature boundary-layer flows of ionizing gases when com-
puting the value of D, [see (16)]. Approximation (ii) has been used by Chung & Mullen
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(1963) and Takano & Akamatsu (1975) since v. Vp, is small compared with the other
terms on the right-hand side of (5). For example,

0 op, 0 op
— r 2-Bp =, — A
pfuay(aopq’e) v ay’ ayqde> (U+VL) ay
The elastic-scattering cross-sections are used in the determination of the transport
properties of ionizing gases. The average atom-atom elastic-collision cross-section o,,
is obtained from the values of the viscosity coefficient given by Amdur & Mason (1958).

At high temperatures g ~ 31 x 10771 g/ems, which corresponds to

Oae = 1T x 10724/T0% om?2, (11)
Experimental data compiled by Fay (1962) show
Og = 2:45 x 10714/T79% ecm?, (12)

The average momentum-transfer cross-sections between electrons and atoms, o, and
between electrons and electrons, o, used by Glass & Liu (1978) in the analysis of argon
shock-wave structure are adopted here. The average elastic-scattering cross-section
o;; between ions and ions is given by
27ret k3,13
O'ii = 2 n B6 a) .
ks T,) dmedn,
Since 7./m, > T,/mq,, the electron temperature is the relevant temperature in the
calculation of the ion—electron collision cross-section ; therefore

2med 9k T3
Oee = Ugz = z 6 :
kgT,) 4mebn,
The kinetic theory of gases provides a means of estimating the transport coefficients

of a partially ionized gas. Here the mixture rule of Fay & Kemp (1965) is applied. For
example, the viscosity of a plasma is given by

(13)

(14)

141 1+1 (o-ai/o—aa)
_ 571 m, Ua (Uai/aaa) + l(o—iz‘/o—aa) (15)
r= 32 Oga 1 +Z(o-ml/o-aa) ’

where
l=a/(l—a), U,= (8kgT,/mm,)}t.

The ambipolar diffusion coefficient D, is given approximately by

0-75 (ﬂkBTa)i /%. (16)

7 2n,4m, \ my

The thermal conduction coefficients for atoms, ions and electrons may be written
as (Jaffrin 1965)

75k nkBT)%( o\t
= 2| _b'a e ar 17
“ 640-00 ( ma 1 +na o—aa) ’ ( )
3 L\l
A = 75kgn, (ﬂkBTa) (1 4 nean) , (18)
’ 640—aina My N Cas
75kg mhy T\ 2in, o, )—1
— € a a 3 1

The forward rate coefficients k; in (8b) can be obtained by computing the collision
rate between two particles. Only the energy dependence of the inelastic cross-section
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near the threshold energy is important in the calculation of the rate coefficients. The
general forms for the leading threshold behaviour of inelastic cross-sections can be
obtained from classical scattering theory or Wigner’s R-matrix theory (Eu & Liu 1975).
For the present analysis, a reasonably good approximation of the inelastic cross-section
is given by the linear relationship

() {S;"b(e—e*) for ¢> e*,}

Gab (20)

0 for € < e*,
where € is the kinetic energy (in centre-of-mass co-ordinates) of particle b (b can be
either an atom or an electron), e* is the first excitational energy of particle a and S%,
is the first excitational collision cross-section constant.

From a comparison of our analytical and experimental results for argon shock-wave
structure, we found that 8%, = 1-0 x 107 em?/eV (Glass & Liu 1978). A more recent
electron—atom excitational cross-section constant 8% = 4-9 x 10~ ¢cm?2/eV for argon
obtained by Zapesochnyi & Feltsan (1966) is used here. Therefore k;, and &, yield

ko T,) = 14 x 107275 (T* /T, + 2) exp (— T*/T,) cm3/s, (21)
k(1) = 2:63 x 1071723 (T* /T, 4 2) exp (— T*/T,) em?/s, (22)
where 7'* = 134 000 °K is the first excitational temperature of the argon atom.

Hoffert & Lien (1967) used a chemical-equilibrium concept to determine k,, and k,,
for the present case of chemical non-equilibrium. However, for low temperatures these
results are not valid and the ionic-recombination theory based on the classical electron-
impact cross-section is needed. In order to avoid the difficulty of determination of the
reverse reaction-rate coefficients, a critical temperature 7, is defined which separates
the regions of high and low temperature. This critical temperature can be obtained by
ensuring the continuity of the rate coefficients at 7). For electron-catalysed reactions,
Hinnov & Hirschberg (1962) have obtained an empirical relation for the reverse
reaction-rate coefficient at low temperatures (7, < 4000 °K). The following reverse

[4
reaction-rate coefficient k,, for electron-catalysed reactions is used:

. 9:03 x 10°33(T* /T, +2)exp (T, —T*)T,)em®/s for T,> 1T, 53
elle) = {1'09>< 1087, %%cemb/s for 7,< 7T, } 23
where 7, ~ 3100 °K.

For atom-catalysed reactions, a similar procedure can be applied. However,
there is no available empirical relation for £,, at temperatures 7}, below 3000 °K. At
the same time, the chemical-equilibrium concept used to determine k,, by Hoffert &
Lien (1967) is in serious error when the electron temperature is considerably different
from the atom temperature. In order to avoid too large a value of k,, at low atom
temperatures, the following forms are adopted (Glass & Liu 1978):

4-83 x 10739(T* /T, + 2)exp (T, - T*)/T,) cm®/s

for 7,>17,
ko(T,) = (24)
4-83 x 10737(T* /T, + 2)exp [(T; — T*)/T,] em®/s

= constant for 7T, < 7.

The physical meaning of the cut-off of k,, at low temperatures is that at low T, the
reverse atom-atom reaction rate is frozen at some particular rate and the re-excitation
from the first excited state is not rate controlling for atom-atom collisions. In general,
the reaction rates due to atom—atom collisions are very small compared with those due
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to electron—atom collisions for atom temperatures below about 15000 °K. Therefore
atom-catalysed reactions can be neglected for 7, < 15000 °K in a flat-plate boundary-
layer analysis where the flow has cooled significantly. However, for the case of a shock-
tube side-wall boundary layer near the shock front, where the atom temperature is
large (~ 25000°K), atom-catalysed reactions are more important than electron-
catalysed reactions and k,, must be retained. Byron, Stabler & Bortz (1962) have
shown that for the low-temperature case de-excitation from other than the first-
excited state can be rate controlling in the recombination process. For the present
two-step model, the approximation made in (24) is necessary in order to avoid the
unknown physical effects due to a very large value of k,,. It is also worth noting that
a large value of k,, destabilizes the finite-difference scheme.

Transformed basic equations
The following similarity co-ordinates are introduced:

£(x) =f Psbtsusy dude, 7z, y) = —u‘Lf pdy, (25)

0 (28)2 Jo
where the subscript § denotes the edge of the boundary layer. The following charac-
teristic times are defined for flow, forward atom-atom reactions, reverse atom-atom
reactions, forward electron—~atom reactions, reverse electron—-atom reactions, elastic-

energy transfer and radiative processes respectively:
2¢ N5 B 1 1

T, = ——5, Tia = 3 Tra = S ?
* PsBs u§ Je kfa(Taﬁ) nia kra(Taﬁ) Mg Moy fe kfe(qlﬁ) Ngs
1 1 PsCpTus
Tve =7 m. 2> Tada=% » TpR=—"fF/ -
ko Tos) Mo $(my/my,) (Vous +Vess) @rs

The following non-dimensional quantities are defined:

T = TeB/Tas’ €0 = Tu/Tjaa €ra = Tu/Traa €fe = Tu/Tfm
€re = Tu/Tre> €q = Tu/Tel’ €r = Tu/TR’
b PO 10+, TE [_@(1_1)]
e py(1—ay)? t 427, /T* T.s\0 ’

s _(_,1)2 1 1/6+2T,/T* (T,—T*)(l_l)]
= \p) T—ay 1427,/T% © Tos \9 ’

p OY5 1/@ +2T,/T* [ T*(l )]
== (=1
Y= o ioa, 1420, | 77,6 ’

(£)21/9+2T€3/T*expI:(TI—T*)(l_l)] for O3> 0,

b, = ps) 1+2T,/T* Tes C
re ~ 2
(ﬁ) Q45 for ® < 0,
Ps
¢ _ Veu+ve'f ¢ __l_hvc'{'kB@nszg
T Vet vy T O R+ kp Ty

®c = Tc/Tes:

where Ve = Ny Oou(8kp T, /mm,)8,

Ve = Mg y(8kp T, /mm,)b.
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The transformed equations for plasma momentum, electron species, atom tempera-
ture and electron temperature become

[Cf"Y +1f"+ 6, [%—f’Z] -2 [r%-Lr], (26)
|52 | + t 4 rata =2 = et ~2,2)

+efe¢fe 1 “az re¢rez "2g [f i ‘Zf— ] (27)

P
C ’ ! I ”2 o p
(550|410 + G OB O By 2 1 a0 =70) —enc &
T a0 of ,,
_iTaaﬁ[efaqsfal 0‘32 ra¢ra 1 aaz] “2g[f,'ég_a_};0:ly (28)

O ’ ’ C Nt ’ ’ 0
[ﬁ @ ] +6Tcasz ® +a8Zf® —ﬂTeaazf @ +6d¢da52 [;“@]

T,
a8[6f6¢fe(1 ab‘z ‘re¢reza] [g“- * 6] aﬁ@[efaqsfa(l ~(Z82)2—€Ta¢,a(1 -ab‘z)zz]

0 of
= ’ — e 4 29
2§a5z[f 7E '35(9}, (29)
where a prime denotes 8/97 and the following definitions are used:
U a T T pu
_d) ,:—a = = a’ :-—ey 0= >
! f g Us as Tes Tes Psls
_ L gt p O Ay, -, _ 2dey
Sc—pDa, Pr= = Pr,= A Br= w T’ ’Bz_a,,dg’
2£ dT, 2£dT,,

= 25> 7 ad — 27
=1, gk Pr=T, @

The quantity p;/p which appears in the transformed basic equations (26)-(29) is
written as
ps 0 AT
; "1 +oc3'r+ 14a,7

20. (30)

It is seen that the boundary-layer equations for ionizing gases are strongly coupled
dynamic and thermodynamic nonlinear partial differential equations. It should be
noted that it is not feasible to apply the coupling method suggested by Tambour &
Gal-Or (1977) to actual flows of the type considered here in view of the non-dimensional
character of their analysis, which obscures the physical structure of the boundary
layer.

Boundary and initial conditions

The boundary conditions for (1)-(5) are
u = 0 (or u,, for the shock-tube side-wall case), »=0, 71,=T, at y= O,} (31)

u=u; a=0a;, 1,=T, T,=T, as y->wo,

where the wall values u,, and 7, are usually given. The other values u,, a,, T, and ;5
are determined from the inviscid flow region.
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For the transformed equations (26)-(29) the boundary conditions (31) become

f=0, ff=0, 0=T,/T,; at 7]=O,}

32
ff=1 =z2z=1, 0=1, =1 as y-—>o0. (32)

The other boundary values required are z,, and @, (or z, and ©,,), which are usually
determined from the electric-sheath model:

b 203V

Rw = Scwﬁus 2w @w, (33)
, _2/(Pr, eAg ,

0 = 5 (). | -10ur g | e o4

where the subscript w denotes the wall value and

Vis = (kg Tps/m)t,
6A¢/k1} ]:38 = ln (ma/2ﬂme)i ®w'

This model, based on continuity at the sheath edge, has been widely used by many
authors. However, Mansfeld (1976), in considering the shock-tube thermal end-wall
boundary layer, has mentioned that the artificial boundary conditions used for the
two-temperature frozen model lead to values of n, near the wall which seem to be in
much better agreement with experimental results than the values obtained from con-
sideration of an electric sheath. He concluded that the validity of the boundary
condition for z and O at the wall derived from the present incomplete description of
the sheath is still unknown.

For a cool-wall case, Takano & Akamatsu (1975) have shown that

2, = 0(10-2)/Ret, 0., = O(10-4), (35)

where Re is the Reynolds number. We also note that Nishida & Matsuoka (1971) have
shown that the slope of the electron temperature at the wall is almost equal to zero.
Mansfeld (1976) obtained similar results.

The initial conditions are required when using a finite-difference method. At the
start of the boundary layer, £ = 0 and the partial differential equations reduce to the
following ordinary differential equations:

(CI"Y +1f" =0, (36)
( S ) +f' =0, (37)
‘ (P%e @') +S%a5z’®’ +052f0" = 0. (39)

Equations (36)—(39) with the two-point boundary conditions at the wall and at the
boundary-layer edge can be solved using either a ‘shooting technique’ with a Newton—
Raphson method or a finite-difference scheme. The former method was used in the
present analysis.
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Compatibility conditions and solutions for inviscid region

The parameters f§ appearing in (26)—(29) should be obtained from the compatibility
conditions. At the edge of the boundary layer, the following boundary conditions must
be satisfied as 5 —o00:

ff=0, 22=0, =0, O =0. (40)

From these boundary conditions, the compatibility conditions at 7—>oco can be
obtained from (26)—(29) as

2% dp,
b= pde (4”
B = €fa~€ra T €10~ €res (42)
ud 2
Br, = _ﬂfm_ed%(l —T)—GR_BT;,a“(Efa—era), (43)
1 2T
Br, = €a (;— 1) — (€ge—€re) (g Tjﬁ 1) — €0t €ra- (44)

These conditions must be satisfied in the calculations in order to avoid a discontinuity
in the gradients of the dependent variables at the edge of the boundary layer. The
quantity dp,/dE appearing in (41) should be known from experiment or theory.

A local similarity method was applied by Brown & Mitchner (1971) to predict the
electron-temperature and electron-number-density profiles of a flat-plate plasma
boundary layer. They predicted that the electron temperature at the edge of boundary
layer is smaller than the atom temperature and attributed this to the radiation-energy
loss. However, it is clear that the compatibility conditions described above were not
applied in their calculations. The electron temperature at the edge of boundary layer
must be calculated from the equations for the inviscid flow and not from the boundary-
layer equations. In the calculation of Brown & Mitchner, in order to satisfy the
boundary conditions (40) at the edge of the boundary layer, the values of the degree of
ionization and the electron temperature at the edge were adjusted.

The solutions for u,, 7;, Ths, &5 and p; must be obtained from the equations for the
inviscid region. The quasi-one-dimensional equations for inviscid flow are obtained
from (1)—(5) by setting 9[dy = 0:

d(pu)/dzx = 0, (45)
pudu/dz+dp/dx = 0, (46)
pudH/dx = —Qp, puda/dx = m,n,, (47), (48)
pud(aC,Ty) [d—udp,/dz = Qu-+ Qina: (49)

Equations (45)-(49) have been solved by Glass & Liu (1978) for the shock-wave
structure of ionizing argon and by Glass, Liu & Tang (1977) for krypton shock-wave
structure. The inviscid flow generated by a shock wave can be separated into two
zones: (i) anionization-relaxation zone; (ii) a radiative-cooling zone. In the relaxation
zone elastic and inelastic collisions are important while in the radiative-cooling zone
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the radiation-energy loss is significant. Equations (45)—(49) provide a unified treat-
ment applicable to both zones. However, from our numerical experience in solving for
the shock-wave structure, a complete solution for the radiative-cooling region requires
a small step size to be stable. As the plasma is nearly in equilibrium, values for u;, 7,,,
T4, a5 and p, in the cooling region can also be obtained approximately by solving only
(45)—(47) together with the Saha equation. Whitten (1977) has shown that the results
obtained from a radiant-equilibrium model are within 2 %, of those obtained from the
present non-equilibrium model.

3. Finite-difference method

An excellent review of the finite-difference method of solution of the boundary-layer
equations was given by Blottner (1970). The nonlinear partial differential equations
(26)—(29) with the boundary conditions of mixed Neumann and Dirichlet type are
solved numerically by an implicit six-point finite-difference scheme. The equations are
first linearized in a form suitable for an iteration scheme. Blottner (1970) stated that
the order of solution of the equations is important. The momentum equation is solved
first and the species equation must be solved before the atom-temperature equation.
The linearized equations may be written in the common form

20 WD 109 WD 4 2§) WO = o0 W 429, (50)

where WO = F, W® =2z, W® = 0, W9 = © and F = 9f/dy or

f=ﬂF@.

The expressions z{" (i = 1, ..., 4) for the momentum, species, atom-temperature and
electron-temperature equations are listed in the appendix.

These linearized equations are of second order and are solved in order for the
unknowns F, z, § and 0. The derivatives and the integral in the 7 direction are then
expressed by three-point-difference formulae. The derivatives in the £ direction are
approximated by a backward-difference scheme. Let ¢ and j be the indices of the 7, £
co-ordinates for the difference net at the point considered. Any function W is written
in terms of the values at two adjacent points in the £ direction as

W =AW@,j+1)+1-2) W@, j), (51)

where A is a weighting factor which can be suitably adjusted for improving the con-
vergence of the iteration scheme. The explicit method given by A = 0 and A = 1 is
the Crank—Nicolson method, while A = 1 gives the implicit method.

In this formulation either equal intervals or unequal intervals in the 7 direction can
be used. The interval in # direction is increased in a geometric progression as

Angyy/Ay; =k, (52)

where k is a constant which is set at a value slightly greater than unity.
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The following derivatives are introduced:

A . s . .
W, = (1+k)klA77 (WiE+1L,j+ )+ (k-1 Wi, j+ 1) — kW (E—1,5+1)]
1—A 1 . o . ‘
T E ey LD+ =) W) — W (i = 1,7), (53)
27

1 .
_ 2 1 . . B . et
w, (TR A S(WE+1L,j+ )~ (A + k)W, j+ 1) +EW(3E—1,5+1)]

2(1-2)

RERYENY 2[”’7(7""1’.7)‘(14-]6)W(@j)+kW(1—1,j)] (54)

1
ST TN, Ry 55
where A7, is the first interval in the % direction and A is the interval in the £ direction.
The quantity £ is evaluated at a point between two adjacent points as

g = /\gj+1+(1 “‘/\)gj-
The values of f and f; at a point (4,j+ 1) are given by

. | g . By
fig+n = 5 S (Y R s+ () P
I=1

6 1+k

B (k(11+ k)) FlFLI+ 1)]’ (56)

. LA 2+3k + 3k
s )= 5 2 () ma- g0+ (FF) Bag

where
Rlj+1) =[F(j+1)-F(j)]/AL

Substituting (53)—(55) into (50) yields
APWOE—1,54+1)+BO WO, 5+ 1)+ CH WO@E+1,5+1) = DY, (58)
wheret =1,...,4,¢t=1,...,N,5=1,..., M and
AW = a ki —c, k2,
B® = —a, a1+ k) +e;aP (k2 — 1)+ Az — 2P /AL,
CP = a,xP +c;ad,
DY = —b P AW —da) AW — (1= X)) W(i,5) — (@ [AE) W(i,5) +a,

__ 2 1 _ 2=
LT AR T A+ b AR
b A1 1—A 1

A+k Ay, ° (A+k KAy’
AW = W(i+1,5)+ (k*—1) W(i,j) - W (i —1,5),
AW = W(i+1,5)—(1+k) W(,5) + kWG —1,5).



Ionizing argon boundary layers. Part 1 623

The boundary conditions for the finite-difference equations are

W(l)(03j+ 1) = w/ut? \
) 0 for z,=0
W(z)(O:J + 1) = { . '
We(1,5+1)—A;Ay, for 2z, = A,

W(a)(01j+ 1) = Tw/Ta8
WO(1,5+1)~ A, A, for O, = A,
W®(1,5+1) for O, =0

WON,j+1) = 1, WON,j+1) = 1
WON,j+1)=1, WHN,j+1)=1

W®(0,5+1) = {
} at 1=N (g—>00).

The computational scheme is an iterative one. First the momentum equation is
solved with assumed distributions of species and atom and electron temperatures.
Next the resulting velocity field is employed in the species equation. The resulting
species field is then used in the atom-temperature and subsequently the electron-
temperature equations. The new species and atom- and electron-temperature distribu-
tions are then used to replace the assumed ones and the process continues until the
solutions converge to satisfy a preset criterion.

The criterion for convergence of the set of difference approximations to the differ-
ential equations was not investigated. However, Douglas & Jones (1963) stated that
an implicit or Crank-Nicolson difference scheme is convergent for an equation of the
same type as (50). The stability criteria for a system of nonlinear partial differential
equations are difficult to determine. When the Crank-Nicolson scheme is applied,
bounded oscillations in the £ direction appear in the analysis. Crandall (1955) showed
that, for a relatively large step size in the £ direction, bounded oscillations are possible
even for linear equations. Douglas (1956) also mentioned the possibility of oscillations
in the solution when a Crank—Nicolson scheme is used with boundary conditions of the
mixed type. These oscillations do not occur when a backward-implicit method is used.
However, a smaller step size A§ than the one used in the Crank—Nicolson scheme is
needed for the backward-implicit scheme for the same accuracy. This results in more
computation time. For the present case, the oscillations can be controlled by a
suitable choice of the parameter A.

In order to avoid a third-order derivative in the momentum equation, Blottner
(1964, 1970) introduced a transformed normal velocity while retaining the continuity
equation. However, in the present method, the stream function is introduced and the
momentum equation is written as a second-order equation. The same implicit finite-
difference method was used by Sells (1966) for a laminar compressible boundary layer
and by Chan (1971) for a turbulent incompressible boundary layer.

The accuracy of the numerical solution has to be better than the accuracy of the
different physical models. The models used for the description of the transport
properties, chemical reactions and sheath theory have an accuracy of about O(10-1).
The accuracy of the experimental results is at best O(10~2) Therefore it seems sufficient
to obtain numerical results with an accuracy of O(10-2). Once the accuracy of the
problem has been determined, the upper bounds for A£ and A7 can be defined.

In the present analysis, unequal step sizes are used in order to decrease computation
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time. The determination of error bounds for unequal step sizes is more complicated
than for a regular network. However, the irregular discretization can be checked in
the present program by comparing results with £ = 1 and with k % 1. It was shown
that the irregular discretization does not lead to larger inaccuracy or spoil the solution
in the present program.

From our numerical experience of the present analysis, the Crank—Nicolson scheme
yields a bound oscillation in the £ direction. This oscillation does not damp out even
for a very small step size A{. Therefore decreasing the step size Af is not the best way
to achieve higher accuracy. This oscillation can be checked by using different values
of A in the calculation starting from the optimum value 0-5 and increasing to the
maximum value. The smallest value of A which just eliminates the oscillation is the
one to use. The best value of A for the present analysis is 0-75, at which the oscillation
damps out within two downstream steps and does not reappear. A more detailed
description of the present theoretical analysis including the computer program is
given by Liu (1978).

4. Comparison of theoretical and experimental results

Measurements of ionizing flat-plate boundary-layer flows have been reported (Tseng
& Talbot 1971; Brown & Mitchener 1971; Bredfeldt et al. 1967) for low temperatures
and low electron number densities. Under these conditions, the radiation-energy loss
in the plasma is small and can be neglected for both the inviscid and the viscous flow
region. Thus the conditions at the edge of the boundary layer can generally be calcu-
lated from a non-radiant model in which the free-stream flow quantities are constant
and independent of time.

Yigure 1 shows schematically the experimental generation of a flat-plate boundary-
layer flow over an airfoil model with a sharp expansion corner in the UTTAS 10 x 18 cm
Hypervelocity Shock Tube. Such a boundary layer can be regarded as developing in
a steady flow if the shock wave is travelling at a constant velocity and the radiant-
energy loss is small. However, for a flow induced by a stronger shock wave (M, > 13),
the radiation-energy loss becomes significant and the boundary layer develops in a
somewhat unsteady (non-uniform) flow.

A typical analysis of the inviscid radiant flow behind a shock wave travelling at
constant velocity is shown in figure 2. In this case, the shock wave is moving at a Mach
number M, = 12-8 into quiescent argon at p, = 5-01 torr and 7}, = 297 °K and has been
shown at a location z, = 40 cm past the leading edge of the flat plate. The gradients
result from the radiation-energy loss. Clearly, as the non-stationary shock wave travels
along the tube, the inviscid flow conditions above the plate change with time, intro-
ducing unsteadiness (non-uniformity). Along the flat plate, it is seen that u; and p;
decrease as x increases from the leading edge (or as one moves closer to the shock
front) while 7}, 7,; and ;5 all increase. However, the fact that the inviscid flow with
respect to the plate is unsteady rather than steady with flow gradients is emphasized
by a consideration of the overall momentum equation for the plasma. In a steady one-

dimensional inviscid flow psusdus/de = —dp,/dz.

That is, the velocity gradient and pressure gradient should have opposite signs, which
is not the case in this flow.
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F1cure 2. Variation of free-stream conditions at edge of boundary-layer flow with distance x
from flat-plate leading edge for M, = 128, p, = 5-01 torr and T, = 297 °K.
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It can be seen, however, that the variations of u,, T,,, 7., and p, are quite small,
particularly as the distance z, from the leading edge to the shock wave increases. Under
these circumstances, it should be reasonable to regard the flat-plate boundary-layer
flow as quasi-steady to a first-order approximation, so that the steady-flow analysis
described in § 2 can be applied. Tt should be mentioned that the relative changesin a;
are slightly larger, however, and the full extent of this effect on the assumption of
quasi-steady flow is not known at present.

The experimental flow was examined using a Mach—Zehnder interferometer 23 cm
in diameter to obtain interferograms simultaneously at two wavelengths of 6943 A and
3471-5A. The electron number density and total-density changes (and hence the
degree of ionization) were deduced from the interferograms (figure 3, plate 1). Addi-
tional details are given by Whitten (1977). Two cases were analysed experimentally
and analytically. Figures 3(a) and (b) show two interferograms at 6943 A (the com-
plementary interferograms at 3471-5A have been omitted here for brevity as they
provide no further detail). Figure 3 (z) shows the shock wave for M, = 12-8, p, = 5-01
torr and T}, = 297 °K when it has just passed over the flat-plate portion of the airfoil
and is diffracting around a 15° expansion corner. Readily seen are the translational
shock front 8, the relaxation zone SE, the electron cascade front K, where quasi-
equilibrium ionization is achieved, and a small portion of the ensuing radiant flow.
Figure 3 (b) shows the induced boundary-layer flow in a region 14 cm from the flat-plate
leading edge, when the shock wave itself has reached a location 46 cm downstream from
the leading edge. Figure 4 (a) (plate 2) shows an incident shock wave at M, = 16:6 in
argon at an initial pressure p, = 4-81 torr and initial temperature Ty = 296 °K after
it has passed over the flat plate and is diffracting around the 15° corner. The changes
in shock structure and stability at this higher shock Mach number are apparent and
are discussed in detail in Glass & Liu (1978). Figure 4 (b) (plate 2) again shows the
induced boundary-layer flow 14 em from the flat-plate leading edge, when the shock
wave is 46 cm from the leading edge. Many details regarding the evaluation of such
interferograms are given by Brimelow (1974) and Whitten (1977).

For comparison of boundary-layer profiles measured at a position z,, with analytical
predictions, the inviscid flow conditions at «,, were assumed to prevail over the entire
free-stream region (all z) in order to satisfy the assumption of steady flow in the
analysis. The initial conditions for the shock wave and the free-stream quantities
resulting from the radiant inviscid flow are listed in table 1.

In the finite-difference analysis, the best value of the weight parameter was found
to be A = 0-75, at which the oscillations damped out during the first few steps. Case 2
of table 1 wasrun with k = 1-05, Ap, = 0:05 and N = 46 by using a step size Ax equal
to 0-01 cm at o = 0 and increasing to 0-2cm at x = 14 cm. At first the value 0-5 was
used for the weighting parameter A, and in all runs oscillations in f,, and z,, started at
the first step downstream. The oscillations were bounded and tended to become small
as z increased. In the next run A = 0-75 was used, and this time the oscillations
damped out within two downstream steps and did not reappear. Therefore the Crank—
Nicolson scheme (A = 0-5) was abandoned and A = 0-75 was used in the analysis.

For the case M, = 16-6 and p, = 4-81 torr, the initial flow profiles (at x = 0) are
shown in figure 5. The non-dimensional electron-temperature profile @ is unity for
all 9, as a result of the electric-sheath condition ®' = 0 at x = 0. The atom-temperature
profile 6 increases from 0-029 at y = 0 to 1 at 7 = 1-95, reaches a maximum value 1-04
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Case ... 1 2

M, 16-6 12-8

P, (torr) 4-81 5-01

T, T, (°K) 296 297

uy (cm/s) 4-86 x 10° 353 x 108
ps (torr) 2025 1200

T.s CK) 1-049 x 104 1-065 x 104
ag 0-021 0-031

Nes (cm=3) 3-75 x 1018 3-27 x 101
M 2-9 2-1

a; (cm/s) 1-681 x 10° 1-676 x 105
x,, (cm) 14 14

x, (cm) 46 46

zg (cm) 1-7 10-4

TaBLE 1. Initial conditions and free-stream conditions for flat-plate
boundary-layer flows.

1 1 1 L

0 1 2 3 4 5
1/

Ficure 5. Initial profiles at # = 0 of the normalized velocity f’, the degree of ionization z, the

atom temperature f and the electron temperature © vs. 3 for M, = 16-6, p, = 4-81 torr and
T, = 296 °K (case 1).

at 7 = 2-4 and then approaches unity at # = 4-25. The normalized velocity profile f’
increases from zero at # = 0 to 1 at 7 = 4-5, while the normalized degree of ionization
z increases from 0 at 7 = 0 to 1 at 4 = 3-5.

The variations of the transport properties Pr, Sc¢, C and Pr, with 9 at = 0 are
shown in figure 6. The Prandtl number Pr for the heavy particles is constant
(Pr = 0-667) from its definition in this analysis. The ratio C of the density—viscosity
products decreases from 2-8 at 9 = 0to 1 at 7 = 2-23. The Schmidt number Scincreases
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FicUure 6. Variation of the heavy-particle Prandtl number Pr, the ratio C of density—viscosity

products, the Schmidt number Sc and the electron Prandtl number Pr, with 5 at z = 0 for

M, = 16-6, p, = 4-81 torr and T, = 296 °K (case 1).
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Ficure 7. Variation of normalized profiles of the velocity f’, the degree of ionization z, the atom
temperature § and the electron temperature ©® with the distance = from the leading edge for
————— s 2.

I
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M, = 166, p, = 481 torr and T, = 296 °K (case 1), —--—, f';
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F1GUuRrE 8. Variation of electron Prandtl number Pr, with 7 at x = 0 and x = 14 cm for
M, = 16-6, p, = 481 torr and T, = 296 °K (case 1).

from 1-5 at 9 = 0 to 2-42 at » = 1-4 then decreases to the free-stream value 2-39 at
7 = 3-12. Similarly, Pr,increases from 0-035 at 7 = 0 to 0-52 at # = 2-4 then decreases
to the free-stream value 0-507 at 9 = 4-79. These parameters are functions of n,, n,,
T., T, and p; and their variations with % have some effect on the boundary-layer
structure. The effect of Pr, on the electron-temperature profile is more significant than
that of C on the velocity profile and that of Pr on the atom-temperature profile. The
total Prandtl number Pr of the plasma can be obtained from the equation

Prt' = Pr'— PrL,

The variations of the flow profiles with distance « are shown in figure 7. The velocity
profile f’ is almost independent of z. The variation of the atom-temperature ratio ¢
with z is also small. Therefore the momentum and atom-temperature equations can
be obtained approximately from a similarity assumption. However, significant varia-
tions of the degree-of-ionization ratio z and electron-temperature ratio ® with x do
occur, as shown, and errors will result from a similarity assumption. The degree of
ionization o and the electron temperature 7, decrease as x increases at a constant 7.
At 9 =0, O, decreases from 1 at z = 0 to 0-87 at x = 14 cm.

The variations of Pr, with 9 for x = 0 and x = 14 cm are shown in figure 8. It is seen
that, for x = 14 cm, Pr, exceeds the free-stream value (0-507) from 7 = 1 to 7 ~ 2:5.

In addition to the profiles of the various flow quantities across the boundary layer,
parameters that characterize the skin friction, the heat transfer due to conduction and
diffusion processes and the thickness of the boundary layer are important. The varia-
tions of the skin-friction parameter f,, and the heat-transfer parameters 6,, and z,, for
conduction and diffusion processes, respectively, with distance x are shown in figure 9.
The values of f;. are almost independent of z, while #,, increases at small  and
approaches a constant value for large . The quantity z,, decreases significantly for
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Fiaure 9. Variation of the skin-friction parameter (f]) and the heat-transfer parameters for
conduction (0;) and diffusion (z:") with = for M, = 16-6, p, = 4-81 torr and T, = 296 °K (case 1).
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Ficure 10. Variation of boundary-layer displacement thickness §* with = for M, = 16-6,
Po = 481 torr and T, = 296 °K (case 1).
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Fieure 11. Variation of boundary-layer thicknesses of velocity (d,), degree of ionization (4,),
atom temperature (d7,) and electron temperature (8p,) with x for non-equilibrium flow for
M, = 166, p, = 4-81 torr and T, = 296 °K (case 1).

z < 2cm and approaches a constant value for large x. The boundary-layer displace-
ment thickness ¢* is plotted in figure 10 as a function of . For z greater than 4 ¢m,
8* increases almost linearly. The physical boundary-layer thicknesses for a flow-
quantity ratio of 0-995 for the velocity (d;), the degree of ionization (8,), the atom
temperature (§5 ) and the electron temperature (8;,) are plotted in figure 11. It can
be seen that the boundary-layer (x > 3 cm) thickness for velocity is greater than the
other boundary-layer thicknesses for this case. The thickness d; of the electron
thermal layer is less than the velocity thickness, which differs from the result found
by Honma & Komuro (1976) for a side-wall boundary-layer flow. They showed that
the thickness of the electron thermal layer is almost ten times the velocity or atom-
temperature thicknesses.

The large variation in the chemical-reaction rates with temperature has an
important effect on the boundary-layer structure for a large degree of ionization as
shown in figure 12. The results for a frozen flow (%, = 0) are compared with those for
a non-equilibrium flow at z = 14 cm and M, = 16-6. The profiles of the velocity f" and
heavy-particle temperature ¢ hardly differ for the two cases. However the profiles of
the electron temperature @, the degree of ionization z and the electron Prandtl number
Pr, are significantly affected by the chemical reactions. For a given 7, the electron
temperature ® is lower for a frozen flow than for a non-equilibrium flow, while the
reverse is true for the degree of ionization z.

Comparisons of analysis with experimental results (Whitten 1977) are shown in
figures 13 and 14 for the plasma density and electron number density, respectively.



632 W.S. Liu, B. T. Whitten and 1. 1. Glass

10 —= e
Z,
//”
7 T
7 - /
///’/ /z
08 v /s \ -
© P S r
Pl /N 7
P/ N
4 / N/
______ / / ,)'\
K / i s’ Pr
A / (i / ~o e
06 A/ 4 ~ .
£ / P~
. / i’ / ~~
t / i/ s S T T
. / 4 / —
< / 4 /
N // /
: /
~ / ’
0-4 b / -
/ /
// /
z
/ /
/ /
/ /
02/ / B
/ 4
/
/
L ! 1 I
0 1 2 3 4

7
Fi1curE 12. Normalized profiles of the velocity f’, the atom temperature &, the electron temp-
erature ©®, the degree of ionization z and the electron Prandtl number Pr, vs. 7 at z = 14 em

for M, = 16-6, p, = 4-81 torr and T{ = 296 °K (case 1). , non-equilibrium ; ~ — —, frozen.
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F1cure 13. Comparison of analytical and experimental profiles of the plasma density p vs. the
distance y across the boundary layer at x = 14 cm for M, = 16-6, p, = 4-81 torr and T, = 296 °K
(case 1). , non-equilibrium ; — — —, frozen.

Better agreement is obtained between the measured plasma-density profile and the
frozen-flow analysis. However, poor agreement is obtained between the measured
electron-number density profile and either solution. The experimental data show
a significant bump in the n, profile which is not predicted by either the non-equilibrium
or the frozen-flow analysis. A similar bump appears in the experimental data for the
degree-of-ionization profile shown in figure 15, while there is no bump in the analytical
result. This disagreement has not been resolved.
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Fi1gurEe 14. Comparison of analytical and experimental profiles of normalized electron number
density n,/n.; vs. y at x = 14 em for M, = 16-6, p, = 4-81 torr, T = 296 °K (case 1) and

N5 = 0-372 x 1017 em—3, , non-equilibrium; — — —, frozen.
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Fieure 15. Comparison of analytical and experimental profiles of normalized degree of ioniza-
tion a/azvs. yat x = 14 cm for M, = 16:6, p, = 4-81 torr, Ty = 296 °K (case 1) and as; = 0-0203.
, non-equilibrium; - - -, frozen.

For the second case M, = 12-8, p, = 5-01 torr and 7', = 297 °K,, the non-equilibrium
and frozen-flow profiles at = 14 cm are shown in figures 16 and 17, respectively. Here
also significant differences exist for the degree-of-ionization and electron-temperature
profiles. The analytical and experimental results for the plasma-density and electron-
number-density profiles are compared in figures 18 and 19, respectively, while the
corresponding degree-of-ionization profile is shown in figure 20. Unlike case 1, the
experimental plasma-density data show better agreement with the non-equilibrium
or the calculated equilibrium similarity-solution profiles, which are very close. The
experimental results for n, lie between the analytical non-equilibrium and frozen-flow
profiles. The two-temperature frozen-flow solution predicts a larger bump than that
obtained from the experiment, while no bump occurs in the non-equilibrium or
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Freure 16. Non-equilibrium profiles of the normalized velocity f’, degree of ionization z, atom
temperature 0 and electron temperature ® as a function of 7 at « = 14 cm for M, = 12-8,
Po = 501 torr and Ty = 297 °K (case 2).
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Fiaure 17. Frozen-flow profiles of the normalized velocity f’, degree of ionization 2, atom
temperature ¢ and electron temperature ® as a function of 5 at x = 14 cm for M, = 128,
Po = 501 torr and Ty = 297 °K (case 2).
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Ficure 18. Comparison of analytical and experimental profiles of the plasma density p vs. y at

z = 14cm for M, = 12-8, p, = 5-01 torr and T, = 297 °K (case 2).

, non-equilibrium;

— — —, frozen; —-—, equilibriurh similarity solution.
//’—:\\\\\\
// ° °\e oowag
oo
/// 090 ° -D'A?:o-u.n. o2y
. s o = -0 hd A
"o / ° 7" eoo0e 0°°
o -
/ %00 ® //
// ° /
// //
! o
'I ° o ’
| /
l 4
s i /
= {
s /
osH . /
! ’
|
| /
! /
{
| /
t
1 /
I -]
| /
’
f/ L i s
0 0-8 I-6 24

y (mm)

Ficure 19. Comparison of analytical and experimental profiles of the normalized electron
number density n,/n,s vs. y at = 14 cm for M, = 12:8, p, = 501 torr, T, = 297 °K (case 2)

and n,; = 3-3x 108 ecm~3.
solution.

, non-equilibrium; - — -, frozen; —-—, equilibrium similarity
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Freure 20. Comparison of analytical and experimental profiles of the normalized degree of
ionization afas vs. y at ¢ = 14 cm for M, = 12-8, p, = 5:01 torr, Ty = 297 °K (case 2) and
ag = 0-031. , non-equilibrium; - ~ -, frozen; ~—-—, equilibrium similarity solution.

equilibrium profiles. The experimental data for the degree of ionization lie closer to
the calculated frozen-flow profile than to the non-equilibrium profile.

The local-similarity solutions (Whitten 1977) based on thermal and chemical
equilibrium are also plotted in figures 18-20 for case 2. It is seen that equilibrium will
not occur in such boundary-layer flows. Of the three models used in the analyses for =,
and a, the equilibrium profiles provide the worst agreement with the experimental
results. The n, profile is the most sensitive indicator of the state of the boundary layer.
The fact that the density data agree with the three models used in the analyses shows
that density is not a sensitive parameter. Undoubtedly, measurements of electron and
heavy-particle temperatures are desirable as they would be sensitive indicators of the
state of the boundary layer.

The disagreement between theory and experiment for n, (or &) may result from two
sources.

(i) The boundary-layer flow is assumed to be quasi-steady while in the experiments
it is unsteady owing to radiation losses (which were only partially accounted for) and
the effects of the side-wall boundary layers (which were not taken into account at all
and have effects similar to those of radiation). These effects will be more pronounced
at higher shock Mach numbers, when the radiation-energy loss is significant. For
example, the agreement between theory and experiment for M, = 16-6 is worse than
that for M, = 12-8 for the n, and « profiles. In order to assume that the boundary-layer
flow was quasi-steady, the variation of the flow quantities at the edge of the boundary
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layer with distance was neglected in the theory. This error might have a significant
effect on the boundary-layer structure.

(ii) The assumptions made in the basic equations (such as p,;V; ~ —pD, oo /0y and
v.Vp, = 0), the uncertainty in the parameters used to describe the elastic and inelastic
energy-transfer rates and the model used for the radiation-energy loss may all affect
the entire boundary-layer structure. However, the agreement of analysis with experi-
ment for the case M, = 12-8 is quite good and suggests that the assumptions made in
the basic equations are reasonable. Furthermore, from the analyses of shock-wave
structure (Glass & Liu 1978; Glass et al. 1977), the parameters used for the elastic and
inelastic energy transfer and the radiation model are considered accurate within the
limitations of present-day collision theory.

As noted earlier, some possible errors in the present analysis may result from
neglecting the reabsorption of the radiation-energy loss in the free stream and the
effects of the side-wall boundary layers on the free-stream flow. An exact solution to
the set of simultaneous ordinary differential equations for the free-stream flow
including reabsorption would be difficult since the reabsorption coefficient is a function
of the complefe structure of the radiation-cooling zone. The question would also arise
as to whether the shock tube has a finite or an infinite optical depth. The Rosseland
mean free path for argon under the free-stream conditions M, = 16-6, p, = 4-81 torr
and 7T, = 296 °K (case 1) is about 97 cm. Therefore the free-stream plasma is optically
thin and the reabsorption energy should be small. For the present calculations it was
necessary to consider the worst case when there is no reabsorption. The shock-tube
side-wall boundary layer will have some effects on the free-stream conditions. In
general, it would be desirable to study the present flat-plate boundary layer after the
effects of the shock-tube side-wall boundary layers on the free stream had been
determined. In the present analysis the free-stream conditions were obtained under
the assumption that the flow was one-dimensional; the role of the growth of the side-
wall boundary layer on the inviscid low was not considered. Mirels (1966) has shown
that the flow between the shock wave and contact surface in an actual shock tube is
non-uniform owing to the wall boundary layer. Recently, Enomoto (1973) has studied
the effects of the boundary-layer growth in shock tubes of various cross-sections on the
shock-wave ionization-relaxation process in argon. He used Mirels’ boundary-layer
theory for a perfect gas to get some estimates and showed that consideration of the
side-wall boundary layer effects shortened the ionization-relaxation time. The inclu-
sion of reabsorption of radiation energy and side-wall boundary-layer effects will
increase the degree of ionization in the free-stream. Neglecting these two effects in the
analysis might alter the free-stream conditions. In order to study the effects of the
free-stream conditions on the boundary-layer structure for the case M, = 16-6, when
the theoretical and experimental boundary-layer thicknesses for n, are 0-8 mm and
2 mm, respectively (x = 14 em), three different free-stream values (at ¢ = 20 us, 40 us
and 60 us after the passage of the shock wave) were used for comparison. Even then,
the theoretical boundary-layer thicknesses for n, were between 0-8 mm and 1-2 mm and
still differed from the experimental results. It was shown that the boundary-layer
thickness for », increases as the degree of ionization in the free stream increases.

It is worth noting that the error due to neglecting the photo-ionization in the
analysis may not be small. Near the wall, where the ionization due to electron-atom
collisions is small compared with that in the free stream, photons resulting from
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stimulated emission and radiation processes may have an opportunity to ionize atoms.
The population of the photon flux should be known before any calculation on the
photo-ionization rate can be done.

Finally, from a comparison of the theoretical results of Mansfeld (1976) and the
experimental results of Kuiper (1968) for a thermal Rayleigh boundary layer, it was
shown that the frozen models lead to values of n, near the wall which seem to be in
much better agreement than the values obtained from a non-equilibrium model. No
bump in n, occurred in either theory or experiment for a thermal Rayleigh boundary
layer.

5. Conclusions

The complete set of partial differential equations for a laminar boundary layer in
ionizing argon have been solved by a six-point implicit finite-difference scheme. The
new features in the analysis are the inclusion of radiation-energy loss and the appro-
priate chemical reactions, the latter including the atom-atom reactions. Account was
taken of the variation across the boundary layer of the transport properties based on
the known elastic-scattering cross-sections for an argon plasma. The compatibility
conditions and the electric-sheath model were described and incorporated into the
analysis. The flat-plate boundary-layer flows were analysed and compared with inter-
ferometric data obtained using the UTIAS 10 x 18 cm Hypervelocity Shock Tube
equipped with a Mach—Zehnder dual-wavelength interferometer of diameter 23 cm at
shock Mach numbers M, = 12-8 and 16:6 and an initial argon pressure p, ~ 5 torr and
temperature 7, ~ 297 °K.

The analysis is probably the most complete and detailed that has been undertaken
to date. It clearly shows that the measured electron-number-density and degree-of-
ionization profiles in the boundary layer for equilibrium, frozen and non-equilibrium
flows are more sensitive than the measured complementary total-number-density
profile for determining the actual state of the boundary layer, as might have been
expected. Agreement between theory and experiment for the density profiles appears
to be good to excellent as there is little difference between the three analytical profiles.
However, agreement of experiment with analysis for the electron number density (or
degree of ionization) is only fair. The experimental data lie between the analytical
frozen and non-equilibrium profiles. The data show a bump in the n, profiles at both
M, = 16-6 and M, = 12-8, while theory can predict a bump only for the frozen case at
M, = 12-8. The unsteadiness of the inviscid flow may have an important effect on the
boundary-layer structure at high shock Mach numbers, when the radiation-energy
lossis significant. In addition, the values of Pr, may be inaccurate and as a consequence
the experiments tend to show that the boundary-layer flows lie between a frozen and
a non-equilibrium state. Measurements of electron and heavy-particle temperatures
would have been very valuable to complement the present results. Qur interferometric
data must be considered as very reliable. The same techniques were employed to
determine shock-structure profiles (see Glass & Liu 1978; Glass ef al. 1977) and argon—
argon and krypton-krypton atomic collision cross-sections, which agreed well with
those obtained by other methods. Consequently, when improvements have been made
in calculating ionizing flow-transport properties and full account can be taken of the
flow non-uniformities caused by radiation and its reabsorption as well as those induced
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by the side-wall boundary layers, it will still be possible to use the present inter-
ferometric data to test the validity of the improved analyses.
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the U.S. Air Force Office of Scientific Research under Grant AF-AFOSR 77-3303 is
acknowledged with thanks.

Appendix. Expressmns for the functions z{?
For4 =1and WO =
=0, z,= ql+f+2gf§, ¥y =~ F, x=20F, x5=—pps/p)s
For¢ = 2and W® = ¢,
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(b)

Fiours 3. (a) Interferogram taken at 6943 A of a shock wave moving into argon from right to
left at M, = 128, p, = 5:01 torr, T, = 297 °K. The shock wave is diffracting over a 15° sharp-
expansion corner. S, translational shock wave; SE, relaxation zone (10-4 em); E, electron
cascade front. At z = xg (only), Mg = 196, T,z = T,z = 1:13x 10* °K, pg = 6-09x 1075 g/em?,
e = 5:09x10%/cm?, ap = 0:056, pgp = 1132 torr, ug = 3376 m/s, ag = 1722 m/s. (b) Inter-
forogram taken at 6943 A of a boundary-layer flow for the initial conditions in (a), 14 cm from

the leading edge of the flat plate. The actual inviscid flow conditions resulting from radiation
cooling are given in table 1 (casc 2).
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Fioure 4. (a) Interferogram taken at 6943 A of a shock wave moving into argon from right to
left at M, = 16-6, p, = 4-81 torr, Ty = 296 °K. The shock wave is diffracting over a 15° sharp-
expansion corner. S, translational shock wave; SE, relaxation zone (1-7 em); E, electron cascado
front. At « = zp {(only), Mg = 240, T, = T,p = 1-81 x 10t °K, pg = 8:11x 1075 g/em?,
Nep = 196 X 1017 /cm?, ap = 0-16, pr = 1931 torr, ug = 4639 m/s, ap = 1929 m/s. (b) Inter-
ferogram of a boundary-layer flow taken at 6943 A for the initial conditions in (a), 14-0 cm from

the leading edge of the flat plate. The actual inviscid flow conditions resulting from radiation
cooling are given in table 1 {case 1).
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